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A Lagrangiardescriptors (LDs)
A Smaller Alignment Index (SALI)

A Chaos diagnostics based on LDs:
V the difference of LDs of neighboring orbits
V the ratio of LDs of neighboring orbits
V a quantity related to tHenite-differencesecond spatial derivative of LDs
V Applications:Hénoni Heiles system, 2D Standard map, 4D Standard map

A The origin fate map (OFM)
V The 2 degree of freedom caldera Hamiltonian system
V Definition of the OFM
V Visualization of phase space transport
V Relation to the morphology of manifolds
V Locating the position of unstable periodic orbits

A Summary



Lagrangiardescriptors (LDs)

The computation of LDs is based on the accumulation of some positive scala
value along the path of individual orbits.

Consider arN dimensional continuous time dynamical system
» — Q)

The arclength definitioMadrid, Manchq Chaos, 2009 MendozaManchq
PRL, 2010° Manchoet al., CommunNonlin. Sci. Num. Simul., 2013).
Forward timelLD:

0 O ot lwd Qo
Backward timd.D:
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LDs: 1 degree of freedond@f) Hamiltonian
CULNESGIND

The system has a hyperbolic fixed point at the origin. The LDs can be used to
display the stable and unstable manifolds of this point.
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LDs: 1dof Duffing Oscillator
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The system has three equilibrium points: a saddle located at the origin and two
diametrically opposed centers at the pointsl( 0).
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Thelocation of the stable and unstable manifads be extracted from the ridges
of thegradient field of the LDsince they are located @bints where the forward
and the backward components of the LD are-diffierentiable.



Lagrangiardescriptors (LDs)

Thenor moé dEdpesincettali, GommunNonlin. Sci. Num. Simul.,
201571 Lopesineet al.,Int. J.Bifurcat Chaos2017).
Combined.D (usuallyp=1/2):
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Maximum Lyapunov Exponent (MLE)

Chaos:ssensitive dependence on initial conditions.

Roughly speaking, the MLE of a given orbit characterizesthan exponential rate
of divergenceof trajectories surrounding it.

Consider an orbit in theN-dimensional phase space wittltial conditionx(0) and
an initial deviation vector (small perturbation) fronv(0).
Then the mean exponential rate of divergence is:
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Figure 5.7. Behavior of o , at the intermediate energy E = 0.125 for initial points
taken in the ordered (curves 1-3) or stochastic (curves 4-6) regions {after Benettin
et al., 1976).



The Smaller Alignment Index (SALI

Consider theN-dimensional phase space of a conservative dynamical
system(symplecticmap or Hamiltonian flow).

An orbitin that space with initial condition :
P(0)=(x(0), %( 0 ) ,\®@)) x

andadeviationvector
v(0)=(Ux,(0), ix,( 0 ) Ux&(0))

The evolutionin time (in mapsthe time Is discreteand is equalto the
numbem of theiterations)of a deviationvectoris definedby:

Ahevariationalequationgfor Hamiltonianflows) and
Ahe equation®f thetangenimap (for mappings)



Definition of the SALLI

We follow the evolutionin time of two different initial deviation
vectors(v,(0), v,(0)), anddefineSALI [S., J. Phys A (200) 1 S. &
Manos,Lect NotesPhys (2016)] as

SALIO a Q@0 o O ofhv o v o}

where
U O

b o
Whenthetwo vectorshecomecollinear

SALI (t) Y O

L O



Behavior of SALI forchaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincidewith the directiondefinedby
the maximumLyapunovexponent
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Behavior of SALI forchaotic motion
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Behavior of SALI forchaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincidewith the direction definedby
the maximumLyapunovexponent .-
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Behavior of the SALI fochaotic motion

We testthe validity of the approximatiofSALP Q ¢ J|[S. etal., J.
Phys A (2004)] for achaoticorbit of the 3D Hamiltonian
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Behavior of SALI forregular motion

Regular motion occurson a torus and two different initial
deviation vectors become tangent to the torus, generally
havingdifferentdirections
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SALI T HenonrHeiles system

As an example, we consider the BIenorHeiles system:
. P . . P . , N O
O —=(n n —-(0 W) Www =W
< ) < S
For E=1/8 we consideithe orbitswith initial conditions
Regularorbit, x=0, y=0.55, p,=0.2417, p,=0
Chaoticorbit, x=0, y=-0.016, p,=0.49974 p =0
Chaotic orbit, x=0, y=0.01344p,=0.49982p, =0

0.5 0F

log(SALI)
do

12 +

-16




SALI T HenonrHeiles system

. Bl log(SALI) <-12
» N Bl -12 <log(SALI) < -8
-8 <log(SALI) < -4
-4 <log(SALI)




Applicationsi

Xi
X, = X,-nsin(x, +Xx,)

X1+X2

(mod 20 )

For3 6.5 we considertheorbits
regularorbit A with initial conditionsx,=2, x,=0.
chaoticorbit B with initial conditionsx,=3, X,=0.

2 AL
- =
i z
o 3 %]
L o -8t
L
4L
12}

&
>

S., J. Phys A (2009




Behavior of the SALI

2D maps
SALI YO both for regul ar

following, however, completely different time rates which
allowsusto distinguishbetweerthetwo cases

Hamiltonian flows and multidimensional maps
SALI YO for chaotic

SALI Ycoins® afnar regul




Using LDs to quantify chaos

We consider orbits on a finitgid of ann ( @imensional subspacé theN ( G n )
dimensional phase spagta dynamical system and their LDs.
Any nonboundary point X in this subspace Rasiearest neighbors

w o, Qh Q pkthh
whereA is theith usual basis vectorim andA is the distance between
successive grid points in this direction.

Thedifference$ of nei ghboring orbitsdé LDs:
p [0O0@ 00w | |0O0@W 00w |8

C € VO w

Theratio2 of nei ghboring orbitso LDs:
o) DO(w) LOW

Y G —, TR 8
® pce VDO w

Hillebrand et al., Chaos (2022 imperet al., Physica D (2023)
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Application: HenorHeiles system
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Variation of LDs with
regard to initial conditions.
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Application: HénonrHeiles system
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Appllcatlon 2D Standard map
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